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Ramanujan 7-function

Ramanujan defined

a(-a)a-aa - -a)...) " =Y rne

n=1

First terms

q — 24q% + 252q° — 1472¢* + 4830q° — 6048q° + - - -

Values
n |1 2 3 4 5 6 7
r(n) |1 —24 252 —1472 4830 —6048 —16744

Srinivasa Ramanujan
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Intro to modular forms

The Delta—function (or discriminant—function) defined as

A@2) = q((1 - )1 - D)1 - )1 —a)1-q)...)"
or equivalently

oo oo
A(z):=q[[@-¢M* =D 7(ng", aq=¢€""
m=1 n=1
and is a modular (cusp) form of weight 12 for SL,(Z).

For Im(z) > 0 and (j Z) € SLy(Z), this means that

A (Zi Z) = (cz+ d)2A(2).

Why are modular forms interesting?
® Arithmetic Geometry: Elliptic curves, BSD Conjecture,...
® Number Theory: Partitions, Quad. forms, ...
® Mathematical Physics: Mirror symmetry,...

® Representation Theory: Moonshine, symmetric groups,...
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Intro to modular forms

Historical Line: 7-Function and Modular Forms

1916 1917 1937 1970s
O O O O
(O (O 1\ 1\
Ramanujan Mordell Hecke Atkin—Lehner
Introduces 7(n) Proved mul-
and conjectures: tiplicativity Developed op-

| ~(mn) = (m)r(n)

ged(m,n) =1

‘ and recursion

[7(0") = 7(P)r(p ) — ()

Srijan Raghunath (UConn MATH)

erator theory:

modular forms

I

eigenforms

Modular Forms and Hecke Operators

newforms

!

~modular forms
into eigen—bases

May 7, 2026
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Modular Forms of level one

Modular forms for SL,(%Z)

Definition
A holomorphic function f : H — C is a modular
form of weight k for SLy(Z) if:

® Modularity condition

f(i:::) = (cz + d)* £(2),

a b
where (c d) € SLy(z)
® Holomorphic at co ( lim f(z) exists)
Z—>100

oo
f(z):Zanq”, g=e
n=0

modular forms
of weight k

27iz

Mk = Mk(SLQ(Z)) = {

Fact: M forms a C—vector space!

feM&geM,— fg & Mgy

Srijan Raghunath (UConn MATH)

Modular Forms and Hecke Operators

SL2(Z) generated by S = ((1) _01) and

T = ((1) 1) Thus, it suffices that

F (-%) — 2Kf(2) and f(z+1) = F(2).

For even k > 4

Gi(z) == Z !

k
(mmyezvgo0y (M2HN)

Eisenstein Series Ej

Gi(z)

Ek(Z)Z ZC(k = Zo‘k 1(n)q

= Z d*=! and

dln

where oy_1(n)

By = k™ — Bernoulli number.
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Modular Forms of level one

Cusp Forms for SLy(Z)

Definition

Sk = Sk(SLa(Z)) = {f € My : ag = 0}

the subspace of cusp forms.
(vanishes at infinity)

Key Example (weight 12)

E} - B
1728
is a cusp form of weight 12.

Cusp forms

Key Result

'1—dimensiona|

All cusp forms of weight 12 are

multiples of A.
v

Az) =

Ex(2)® — Es(2)?

1728

Srijan Raghunath (UConn MATH) Modular Forms and Hecke Operators
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Modular Forms of level one Valence formula

Valence Formula

Valence formula
Let f # 0 be a modular form of weight k. Then

vi(f v,(f k
veolF) + A0 L 20 Sy = K
peF\{i,p}

V.

Fundamental domain F

.7::{ze]l—]l:—%gﬂ?(z)g%7 |z|>l}

® Every z € H is SLa(Z)-equivalent to some
weF.

® |Interior points are inequivalent.
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Modular Forms of level one

Dimension Formula

Dimension formula

Key isomorphism

Basic facts
* If k <0, then M, = {0}
k |02 4 68 10 Miciz = S, g2 84
dmM, |1 0 1 1 1 1 = dim S = dim My—1
Decomposition Dimension recursion
M, = CE, & S, dim M, =1+ dim M,_1»
f= af(O) E, + (f - af(O) Ek) Examp|e
CEx N S, = {0}, ® dimSp, =dmMy =1
sodimM, =1+ dimS;. ® If f €S, then f=cA )

Srijan Raghunath (UConn MATH)
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Action of SLy(Z)

The set X,

Xm:{@ Z) EGLQ(Z):ad—bc:m}

Group action

SLo(Z) ~ Xm  (left multiplication)

Orbit representatives

Every orbit has a representative of the form:

0 d

Xm=| | DlsLQ(Z) (8 Z)

ad=m b=0

(a b), ad=m, 0<b<d

v

Srijan Raghunath (UConn MATH)

Modular Forms and Hecke Operators

Action of SLy(Z) on Xp,

Slash operator

Let v = (i Z) € GLJ (R) and f € My:

(Fli7)(2) = (det7)*/?(cz + d)~*f(72).

Properties
® Linearity: (Af)|y = A(f|y)

e Additivity: (f +g)|7 =fly +gly

® Compatibility: f|y;4, = (fly1)]42

® Invariance: If v € SLy(Z), then f|, =f
v

May 7, 2026
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RECENOLEEICIEM Action of SLy(Z) on X,

Hecke Operators

Recall the orbit representatives

SLy(Z)\Xm = {(g Z) tad =m, o<b<d}

Definition (Hecke operators)

For f € Mj:
k ) d—1
Talfl =m2" 30 3 0f] 1,
w5 = o g
equivalently,
d—1
_ _ az+b
i) - Y S a (250,
ad=m b=0
Key fact:
TmZMk—)Mk7 Tm: Sk — Sk
Modular Forms and Hecke Operators May 7, 2026 11/18



Hecke Operators Fourier Coefficients of Hecke Eigenforms

Fourier Coefficients of Hecke Eigenforms

Hecke action on coefficients
oo

[Let f € Si be a Hecke eigenform} Tm[f](z) = 2[:) c(n)q"
Tm[f] = )\mf n:_ mn
o= 3 dar()
d|(m,n)
\d I

Normalization . -
Hecke action on coefficients

ar(1) £ 0 1. (mn
d ar(— ) =Ama (n)
o : > dlar(G5) = Amar
(2) q+nz>2af(n)q dlged(m,n) d
Eigenvalues
ar(m) = Am
(MU)“iP“CEEtiV)itY( | Hecke recurrence
ar(mn) = ar(mMm) ar(n = -
it ged(m, n) = 1 ar(p™h) + p* 1 ar(p" ) = ar(p) ar (PY)
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Properties of Hecke Operators

Properties of Hecke Operators

e If gcd(m,n) =1, then Tpyo Ty = Tpyp.
Sketch of proof: Comparing the coefficients T ( Th[f]) = Tmn[f].

® Let pbeprimeand £ > 1, TpeoTp= Ty + pk_lszfl.
P

. Pl
Sketch of proof: Ty := Z Z (pO IS) so

j=0 b=0
p!=8) T ,[f] = f‘N.
T,

® Forall mnéeN,

Sketch of proof: Enough to prove it for prime powers.
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Hecke Operators

Hecke Eigenform Properties

Hecke Eigenform Properties

Let f=qg+ Zaf(n)

n>1

Fourier coefficients

q" € Sx be a normalised Hecke eigenform.

Tm[f] = af(m) f

Hecke operators

® ar(mn) = ar(m)ar(n) (gcd(m,n) =1) ® TnoTy= Tm (gcd(m,n)=1)
® ar(m)ar(n Z d< ! (—) ® ThoT,= Z dk_lT%
d|ged(m,n) d|ged(m,n)
* ar(p)ar(p’) = ar(p"") + p* Tar(p ) ® TpoTu=Tuu+p ' Tyua
\ J
Modular Forms and Hecke Operators May 7, 2026 14 /18



{ular Forms and Old/Ne

Big picture

Theorem (Atkin—Lehner)

Iff(z) =q+ Z ar(n)q" € Sk () N Z|[q]] is a newform, then the
following are true

@ /fgcd(m,n) =1, then ar(mn) = ag(m)ar(n).

@® Ifpt N is prime and ¢ > 2, then

ar(p') = ar(p)ar(p"") — P tar(p"?).

Srijan Raghunath (UConn MATH) Modular Forms and Hecke Operators
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Mlodular Forms and Old/New-forms

Higher Level Modular Forms

Congruence Subgroups

Mo(N) = {7 = (" Z) €SLy(Z) : c=0 (mod N)}

C

FM(N)={y€To(N) : a=d=1 (mod N)}

Cusps

Cusps are equivalence classes of points in
QU {oo}
under the action of the congruence subgroup.
At higher level, there are multiple cusps, each with its
own Fourier expansion.
In the level 1 case, there was only one equivalence

class with oo as a representative, so we had only one cusp.
v

Srijan Raghunath (UConn MATH)

Modular Forms and Hecke Operators

Modular Forms
A modular form of weight k and
level N for I satisfies

f(vz) = (cz + d)f(2)
for every

a b
'y—(c d)er.

It is holomorphic on H and at all
cusps.

Cusp Forms

A cusp form is a modular form
which vanishes at every cusp.

Sik(I) € Mi(T)

May 7, 2026
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Higher Level Modular Forms and Old/New-forms

Oldforms and Newforms for I' = [o(N) or [ = I'1(N)

The Issue

® S,(T) has a basis of eigenforms for
all T, with ged(n, N) =1,
but not necessarily for all T, when
pIN.

® This happens because some forms in
S5«(T') come from lower levels,
creating larger eigenspaces.

Oldforms
fe Sk(r),
Sfld(r) :=span R f(dz): M| N, M<N

C Sk(r)

Idea (Atkin—Lehner)
® Oldforms (from lower levels)
® Newforms (genuinely level V)
® Si(F(d)) C Sk(T(N)) ifd | N

® fe S(M(M)) = f(dz) € Sk(F(N))
if d | N/M and for every proper
divisor M of N

Srijan Raghunath (UConn MATH)

Petersson inner product

—; rnzk_2 zizx
(+.8) = e é/l (2)“2F(2)g(2) dx dy

Modular Forms and Hecke Operators

new( ) ( old(l—))
© S() = SN @ S1 ()
® Eigenforms for all T,, gcd(n, N) =1

Newforms

® Can normalize: ar(1) =1
® Then T,[f] = ar(n)f
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Higher Level Modular Forms and Old/New-forms
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